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General Form of the Color Potential Produced by Color Charges
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Abstract
Constant electric charge e satisfies the continuity equation ∂µj
µ(x) = 0 where jµ(x) is the current
density of the electron. However, the Yang-Mills color current density jµa(x) of the quark satisfies
the equation Dµ[A]j
µa(x) = 0 which is not a continuity equation (∂µj
µa(x) 6= 0) which implies
that a color charge qa(t) of the quark is not constant but it is time dependent where a = 1, 2, ...8
are color indices. In this paper we derive general form of color potential produced by color charges
of the quark. We find that the general form of the color potential produced by the color charges of
the quark at rest is given by Φa(x) = Aa0(t,x) =
qb(t− r
c
)
r
[
exp[g
∫
dr
Q(t− rc )
r
]−1
g
∫
dr
Q(t− rc )
r
]
ab
where dr integration
is an indefinite integration, Qab(τ0) = f
abdqd(τ0), r = |~x− ~X(τ0)|, τ0 = t−
r
c
is the retarded
time, c is the speed of light, ~X(τ0) is the position of the quark at the retarded time and the
repeated color indices b, d(=1,2,...8) are summed. For constant color charge qa we reproduce the
Coulomb-like potential Φa(x) = q
a
r
which is consistent with the Maxwell theory where constant
electric charge e produces the Coulomb potential Φ(x) = e
r
.
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I. INTRODUCTION
In the eighteenth century, Coulomb, in an impressive series of experiments found that the
static potential produced by an electric charge is inversely proportional to distance. This is
known as Coulomb’s law. The atomic bound state, such as hydrogen atom, is described by
using Coulomb potential. However, an exact form of the color potential produced by color
charge is not known till now. The exact form of color potential produced by color charges of
the quark may provide an insight to the question ”why quarks are confined inside a (stable)
proton”.
Note that, in Maxwell theory fundamental electric charge e of the electron is constant.
This constant electric charge e satisfies the continuity equation ∂µj
µ(x) = 0 where jµ(x)
is the current density of the electron. However, in Yang-Mills theory the Yang-Mills color
current density jµa(x) of the quark satisfies the equation Dµ[A]j
µa(x) = 0 which is not the
continuity equation (∂µj
µa(x) 6= 0) where Dabµ [A] = δ
ab∂µ + gf
acbAcµ(x) and A
µa(x) is the
Yang-Mills potential (color potential). This implies that, unlike electric charge e of the
electron which is constant, a color charge of the quark is not constant.
Also, it is important that the conserved color charges are not directly observable – only
color representations – because of the unbroken gauge invariance of QCD. Thus, the concept
of constant color charge seems unphysical. The asymptotic freedom [1] which includes
quantum effects (loop diagrams) predicts that the strong coupling αs decreases at short
distances and increases at long distances.
In quantum mechanics the charge density and probability density of the point particle can
be obtained from the quantum wave functions. Hence one finds that the charge density is
more microscopic and may depend on the space coordinate ~x. For example, consider charge
and charge density in a volume V =
∫
d3~x. The total charge in the volume V =
∫
d3~x can be
obtained from the corresponding charge density after integrating over the entire (physically)
allowed volume V =
∫
d3~x. Hence one finds that the total charge in the volume V =
∫
d3~x is
independent of space coordinate ~x. If there is only one point charge in the entire (physically)
allowed volume V =
∫
d3~x then one finds that the charge of the point particle is independent
of the space coordinate ~x.
This implies that if the color charge of the quark is not constant then it has to be time
dependent.
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Since the color current density jµa(x) of a quark has eight color indices a = 1, 2, ...8 one
finds that a quark has eight time dependent color charges qa(t) where a = 1, 2, ...8. It is
useful to remember that the indices i = 1, 2, 3 =RED, BLUE, GREEN are not color charges
of a quark but they are color indices of the quark field ψi(x).
We denote eight time dependent fundamental color charges of a quark by qa(t) where
a = 1, 2, ...8 are color indices. A color charge of a quark is flavor independent, i.e., a color
charge qa(t) of the u (up) quark is same as that of the d (down), S (strange), C (charm), B
(bottom) or t (top) quark.
It is interesting to note that lattice QCD [2] can not predict the form of the Yang-Mills
potential (color potential) Aµa(x) having color indices a = 1, 2, ..8 produced from color charge
qa(t). The Wilson loop yields a gauge-invariant measure of the static color singlet quark
(effective) potential (energy). In Bohr’s atomic model the Coulomb potential provides the
force of attraction between proton and electron to form (stable) hydrogen atom. Similarly
the color potential (Yang-Mills potential) produced by the color charges may provide the
force of attraction between quarks to form (stable) proton.
In the abelian gauge theory the Maxwell equation for electromagnetic potential Aµ(x) is
given by
∂µF
µν(x) = jν(x) (1)
where
F µν(x) = ∂µAν(x)− ∂νAµ(x). (2)
The Dirac equation of the electron is given by
[iγµ∂µ + eγ
µAµ(x)−m]ψ(x) = 0. (3)
The current density of the electron
jµ(x) = eψ¯(x)γµψ(x) (4)
obeys the continuity equation
∂µj
µ(x) = 0. (5)
Experimentally, it was discovered by Millikan that the fundamental electric charge e is a
constant. From the continuity equation (5) in Maxwell theory we find that the electric
3
charge e is constant which is consistent with the experimental finding of Millikan. Note that
we have neglected the vacuum polarization effects. When the vacuum polarization effect is
included the effective electric charge eeff increases as r decreases.
The situation in Yang-Mills theory is different, as we will see below.
The Yang-Mills equation for the non-abelian potential (Yang-Mills potential) Aµa(x) is
given by [3, 4]
Dµ[A]F
µνa(x) = jνa(x) (6)
where
Dabµ [A] = δ
ab∂µ + gf
acbAcµ(x) (7)
and
F µνa(x) = ∂µAνa(x)− ∂νAµa(x) + gfabcAµb(x)Aνc(x). (8)
The Dirac equation of the quark is given by
[δij(iγ
µ∂µ −m) + gT
a
ijγ
µAaµ(x)]ψj(x) = 0. (9)
The Yang-Mills color current density of the quark
jµa(x) = gψ¯i(x)T
a
ijγ
µψj(x) (10)
obeys the equation
Dµ[A]j
µa(x) = 0. (11)
As discussed above since eq. (11) is not a continuity equation (∂µj
µa(x) 6= 0), a color
charge qa(t) of the quark is time dependent. For earlier works on classical Yang-Mills theory,
see [5–8].
In this paper we derive general form of color potential produced by the color charges of
the quark.
Note that the Yang-Mills theory was developed in analogy to the procedure in electro-
magnetic theory (Maxwell theory) by extending the U(1) gauge group to the SU(3) gauge
group appropriately [3]. For example in analogy to Dµψ = (∂µ − ieAµ)ψ in electromagnetic
theory (Maxwell theory) all derivatives of ψ in Yang-Mills theory appear in the combination
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Dµψ = (∂µ − iǫBµ)ψ where Bµ = T aAµa [3]. Similarly, in analogy to commutator equation
[Dµ, Dν ] = ieF µν in electromagnetic theory (Maxwell theory) which predicts the relation
between F µν(x) and Aµ(x) as given by eq. (2) one finds that in Yang-Mills theory the com-
mutator equation [Dµ, Dν ] = −igT aF µνa predicts the relation between F µνa(x) and Aµa(x)
as given by eq. (8) [3, 4]. Similarly, in analogy to the electromagnetic field Lagrangian den-
sity LEM = −
1
4
FµνF
µν in electromagnetic theory (Maxwell theory) where F µν(x) is given
by eq. (2) one writes down the Yang-Mills field Lagrangian density LYM = −
1
4
F aµνF
µνa in
Yang-Mills theory where F µνa(x) is given by eq. (8) [3]. Hence in order to get an idea of
the general form of the color potential (Yang-Mills potential) produced by the color charges
of the quark we make analogy between electromagnetic theory (Maxwell theory) and Yang-
Mills theory by transforming pure gauge classical potential. Note that in Maxwell theory
an electric charge moving at speed of light produces U(1) pure gauge potential, see [9]. In
analogy to Maxwell theory one finds in Yang-Mills theory that the color charges moving at
speed of light produce SU(3) pure gauge potential (see section IVC). The form of the phys-
ical electromagnetic potential (Lienard-Wiechert potential or Coulomb potential) produced
by the electric charge e of the electron can be obtained from the form of U(1) pure gauge
potential produced by the electron. In analogy to the electromagnetic case we find that in
Yang-Mills theory the form of physical color potential (Yang-Mills potential) produced by
the color charges qa(t) of the quark can be obtained from the form of SU(3) pure gauge
potential produced by the quark.
The above analogy between electromagnetic theory (Maxwell theory) and Yang-Mills
theory to obtain the form of the physical potential from the form of the pure gauge potential
can be proved by using Lorentz transformation. First of all we note that an electron has
non-zero mass (even if very small) and hence it can not travel at speed of light v = c.
The highest speed of the electron can be v ∼ c (which is arbitrarily close to the speed of
light). Hence the electron in uniform motion at this highest speed v ∼ c produces U(1)
(approximate) pure gauge potential [9]. We call this as (approximate) pure gauge potential
because the highest speed of the electron can be v ∼ c (if v = c then a charge produces
exact pure gauge potential [9]), see section IIIA for details. The exact form of the Coulomb
potential produced by the electron at rest is obtained from the form of U(1) (approximate)
pure gauge potential by putting v = 0 in the U(1) (approximate) pure gauge potential.
Since the highest speed of the electron can be v ∼ c (but not v = c), this can also be shown
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by using Lorentz transformations (see section V and appendix B). Similarly in Yang-Mills
theory a quark has non-zero mass (even if the mass of the light quark is very small) and
hence a quark can not travel at speed of light v = c. The highest speed of a quark can
be v ∼ c (which is arbitrarily close to the speed of light). Hence the quark in uniform
motion at this highest speed v ∼ c produces SU(3) (approximate) pure gauge potential (see
section IVC). The exact form of the color potential produced by the quark at rest is obtained
from the form of SU(3) (approximate) pure gauge potential by putting v = 0 in the SU(3)
(approximate) pure gauge potential. Since the highest speed of a quark can be v ∼ c (but
not v = c), this can also be shown by using Lorentz transformations (see section V).
We find that the general form of the color potential Φa(x) = Aa0(t,x) produced by the
color charges of the quark at rest is given by
Φa(x) = Aa0(t,x) =
qb(t− r
c
)
r

exp[g ∫ drQ(t−
r
c
)
r
]− 1
g
∫
dr
Q(t− r
c
)
r


ab
(12)
where dr integration is an indefinite integration, a=1,2,..8 are color indices, c is the speed
of light, τ0 = t−
r
c
is the retarded time,
r = |~x− ~X(τ0)|, Qab(τ0) = f
abdqd(τ0), (13)
~X(τ0) is the position of the quark at the retarded time, and the repeated color indices
b, d(=1,2,...8) are summed. The non-zero values of fabd are given by
abd 123 147 156 246 257 345 367 458 678
fabd 1 1
2
− 1
2
1
2
1
2
1
2
− 1
2
√
3
2
√
3
2
(14)
where fabd = −f bad = −fadb. All other values of fabd are zero.
For constant color charge qa, eq. (12) reproduces the Coulomb-like potential Φa(x) =
qa
r
, which is consistent with the Maxwell theory where constant electric charge e produces
Coulomb potential Φ(x) = e
r
.
Note that the exact form of color potential produced by color charges of the quark may
provide an insight to the question ”why quarks are confined inside a (stable) proton”. Hence
in order to find the exact form of the color potential produced by the color charges of the
quark we need to find the exact form of eight time dependent fundamental color charges qa(t)
of the quark where a = 1, 2, ...8 are color indices. The general form of the time dependent
fundamental color charge qa(t) of the quark in Yang-Mills theory in SU(3) is defined in [10]
which we have briefly described in section VI.
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Note that at short distances, the quantum effects via vacuum polarization can be incor-
porated in to the color charge qa(τ0). The coupling g becomes very small at short distances
due to quantum effects/loop diagrams. Hence at short distances where quantum effects are
important we find from eq. (12)
Φa(x)→
qa(τ0)
r
, as g → 0 (15)
which implies that general form of color potential produced by the color charges of the
quark reduces to Coulomb-like potential at short distances. This seems to be in agreement
with lattice QCD predictions where the effective (color singlet) static confinement (effective)
potential energy reduces to Coulomb form at short distances.
Note that the color potential Φa(x) in eq. (12) is not gauge invariant. The gauge in-
variant quantity is chromo-electric field square [
∑8
a=1
~Ea(x) · ~Ea(x)]. The gauge invariant
[
∑8
a=1
~Ea(x) · ~Ea(x)] can be obtained from eq. (12).
We will present a derivation of eq. (12) in this paper.
The paper is organized as follows. In section II we simplify all the infinite number of
non-commuting terms in the SU(3) pure gauge. In section III we derive the expression of
the U(1) pure gauge potential produced by the electron in Maxwell theory. The general
expression of the SU(3) pure gauge potential produced by the quark is derived in section
IV. In section V we derive general form of the color potential Φa(x) = Aa0(t,x) produced
by the color charges of the quark at rest as given by eq. (12). In section VI we briefly
describe the general form of the fundamental time dependent color charge qa(t) of the quark
in Yang-Mills theory in SU(3). Section VII contains conclusions.
II. SIMPLIFICATION OF INFINITE NUMBER OF NON-COMMUTING
TERMS IN SU(3) PURE GAUGE
The SU(3) pure gauge potential Aµa(x) is given by [3, 4]
T aAµa(x) =
1
ig
[∂µU(x)]U−1(x) (16)
where T a is the generator in the fundamental representation of SU(3) group (Gell-Mann
matrices) and
U(x) = eigT
aωa(x). (17)
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The repeated indices a=1,2,...8 are summed. From eq. (17) we find
[∂µU(x)] = [∂µωd(x)]
d
dωd(x)
[1 + igT aωa(x) +
(ig)2
2!
T aT bωa(x)ωb(x) +
(ig)3
3!
T aT bT cωa(x)ωb(x)ωc(x)
+
(ig)4
4!
T aT bT cT eωa(x)ωb(x)ωc(x)ωe(x) + ...]. (18)
Since T a and T b do not commute with each other we find from eq. (18)
[∂µU(x)] = [∂µωd(x)][igT d + (ig)2T dT aωa(x) +
(ig)3
2!
T dT aT bωa(x)ωb(x) +
(ig)4
3!
T dT aT bT cωa(x)
ωb(x)ωc(x) + ....
+
(ig)2
2!
(T aT d − T dT a)ωa(x) +
(ig)3
3!
(T bT dT a + T aT bT d − 2T dT aT b)ωa(x)ωb(x)
+
(ig)4
4!
(T aT bT cT d + T bT cT dT a + T cT dT aT b − 3T dT aT bT c)ωa(x)ωb(x)ωc(x) + ...]. (19)
Note that the first infinite series in eq. (19) is igT dU . Hence we find from eq. (19)
[∂µU(x)] = [∂µωd(x)][igT dU +
(ig)2
2!
(T aT d − T dT a)ωa(x) +
(ig)3
3!
(T bT dT a + T aT bT d − 2T dT aT b)
ωa(x)ωb(x) +
(ig)4
4!
(T aT bT cT d + T bT cT dT a + T cT dT aT b − 3T dT aT bT c)ωa(x)ωb(x)ωc(x) + ...].
(20)
By using the commutation relation [4]
[T a, T b] = ifabcT c (21)
we find from eq. (20)
[∂µU(x)] = [∂µωd(x)][igT dU(x) +
(ig)2
2!
ifadeωaT e[1 + igT bωb(x)] +
(ig)3
3!
ifadeωa(x)if bejωb(x)T j
+
(ig)4
4!
(ifadeT eT bT c + ifadeT bT eT c + ifadeT cT bT e + ifadeT eT cT b + ifadeT bT eT c
+ifadeT eT cT b)ωa(x)ωb(x)ωc(x) + ...]. (22)
By repeated use of eq. (21) in (22) we finally obtain
[∂µU(x)] = [∂µωd(x)][igT dU(x) +
(ig)2
2!
ifadeωa(x)T e[1 + igT bωb(x)] +
(ig)3
3!
ifadeωa(x)if bejωb(x)T j
+
(ig)4
4!
(6ifadeT eT bT c + 4ifadeif bejT jT c + ifadeif bejif cjhT h)ωa(x)ωb(x)ωc(x) + ...]. (23)
Simplifying eq. (23) we find
[∂µU(x)] = [∂µωd(x)][igT dU(x) +
(ig)2
2!
ifadeωa(x)T e[1 + igT bωb(x) +
(ig)2
2!
T bωb(x)T cωc(x)]
+
(ig)3
3!
ifadeωa(x)if bejωb(x)T j [1 + igT cωc(x)] +
(ig)4
4!
ifadeωa(x)if bejωb(x)if cjhωc(x)T h + ...].
(24)
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Generalizing this to infinity order we obtain
[∂µU(x)] = [∂µωd(x)][igT dU(x) +
(ig)2
2!
ifadeωa(x)T e[1 + igT bωb(x) +
(ig)2
2!
T bωb(x)T cωc(x) + ....]
+
(ig)3
3!
ifadeωa(x)if bejωb(x)T j [1 + igT cωc(x) + ....]
+
(ig)4
4!
ifadeωa(x)if bejωb(x)if cjhωc(x)T h[1 + ....] + ...]. (25)
Note that the expansion in each square bracket is U(x), where U(x) is given by eq. (17).
Hence we find from eq. (25)
∂µU(x) = [∂µωd(x)][igT dU(x) +
(ig)2
2!
ifadeωa(x)T eU(x) +
(ig)3
3!
ifadeωa(x)if bejωb(x)T jU(x)
+
(ig)4
4!
ifadeωa(x)if bejωb(x)if cjhωc(x)T hU(x) + ...]. (26)
Multiplying U−1(x) from right in eq. (26) we find
[∂µU(x)]U−1(x) = [∂µωd(x)][igT d +
(ig)2
2!
ifadeωa(x)T e +
(ig)3
3!
ifadeωa(x)if bejωb(x)T j
+
(ig)4
4!
ifadeωa(x)if bejωb(x)if cjhωc(x)T h + ...]. (27)
Simplifying eq. (27) we find
1
ig
[∂µU(x)]U−1(x) = [∂µωb(x)][δab +
ig
2!
if baeωe(x) +
(ig)2
3!
if bejωj(x)if eadωd(x)
+
(ig)3
4!
if behωh(x)if ejdωd(x)if jacωc(x) + ...]T a. (28)
Hence from eqs. (28) and (16) we find
T aAµa(x) = [∂µωb(x)][δab +
ig
2!
if baeωe(x) +
(ig)2
3!
if bejωj(x)if eadωd(x)
+
(ig)3
4!
if behωh(x)if ejdωd(x)if jacωc(x) + ...]T a. (29)
From eq. (29) we find that the SU(3) pure gauge potential Aµa(x) is given by
Aµa(x) = [∂µωb(x)] [1 +
g
2!
M(x) +
g2
3!
M2(x) +
g3
4!
M3(x) + ...]ab (30)
where Mab(x) is given by
Mab(x) = f
abcωc(x). (31)
Hence we find from eq. (30) that the SU(3) pure gauge potential is given by
Aµa(x) = [∂µωb(x)] [
egM(x) − 1
gM(x)
]ab (32)
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where Mab(x) is given by eq. (31).
The abelian-like non-abelian pure gauge is given by
Aµa(x) = ∂µωa(x). (33)
It can be seen that, unlike QED, the SU(3) pure gauge in QCD contains infinite number of
higher order terms in ωa(x). Only the first term in eq. (32) or in eq. (30) corresponds to
the U(1) pure gauge in QED, see eq. (33).
III. EXPRESSION OF THE U(1) PURE GAUGE POTENTIAL PRODUCED BY
THE ELECTRON
Consider the motion of an electron of electric charge e. Let Xµ(τ) be the time-space
position of the electron moving with the four-velocity
uµ(τ) =
dXµ(τ)
dτ
. (34)
In classical electrodynamics the exact expression of the electromagnetic potential (Lienard-
Weichert potential)
Aµ(x) = e
uµ(τ0)
u(τ0) · (x−X(τ0))
(35)
produced by the constant electric charge e of the electron in motion can be derived by using
the abelian electric current density
jµ(x) =
∫
dτ e uµ(τ) δ(4)(x−X(τ)) (36)
of the electron in the inhomogeneous wave equation [11]
∂ν∂νA
µ(x) = jµ(x) (37)
by using jµ(x) from eq. (36) in
Aµ(x) =
∫
d4x′Dr(x− x
′)jµ(x′) (38)
where Dr(x − x
′) is the retarded greens function. In eq. (35) the xµ = (ct, x, y, z) is the
time-space position at which the electromagnetic field is observed, c is the speed of light and
τ0 is defined by the light-cone condition
(x−X(τ0))
2 = 0 (39)
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and the retardation requirement
x0 > X0(τ0). (40)
From eqs. (39) and (40) one finds that the τ0 is determined from the solution of the retarded
condition
x0 −X0(τ0) = |~x− ~X(τ0)|. (41)
Eq. (41) [or eq. (39)] implies that
∂µ[(x−X(τ0))
ν(x−X(τ0))ν ] = 0 (42)
which gives [by using eq. (34)]
∂µτ0 =
xµ −Xµ(τ0)
u(τ0) · (x−X(τ0))
. (43)
From eqs. (34), (41) and (43) one finds
∂µ[u(τ0) · (x−X(τ0))] = [
[u˙(τ0) · (x−X(τ0))− c
2](x−X(τ0))
µ
u(τ0) · (x−X(τ0))
+ uµ(τ0)] (44)
where
u˙µ(τ0) =
duµ(τ)
dτ
|τ=τ0 . (45)
The electromagnetic potential Aµ(x) in eq. (35) is also known as abelian potential or U(1)
potential. From eqs. (34), (41), (43) and (44) we find that the abelian potential Aµ(x) in
eq. (35) satisfies the Lorentz gauge condition
∂µA
µ(x) = 0. (46)
Similarly from eqs. (34), (41), (43) and (44) we find that the abelian potential Aµ(x) in
eq. (35) satisfies
∂ν∂νA
µ(x) = 0 (47)
which gives by using eq. (46)
∂νF
νµ(x) = 0 (48)
where F µν(x) is given by eq. (2).
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Note that from eq. (39) one finds that the world line of the electron X(τ) intersects the
light cone of the observation point xµ of the electromagnetic field only at two points, one
earlier and one later than x0. From eqs. (39) and (40) [or from eq. (41)] one finds that the
earlier point, Xµ(τ0), is the only part of the path that contributes to A
µ(x) in eq. (35) at xµ
[11]. Since Xµ(τ0) is the time-space position of the electron which produced the A
µ(x) in eq.
(35) and since the electromagnetic wave travels exactly at speed of light and the electron
can not travel exactly at speed of light (because it has finite mass even if it is very small)
one finds that at the time t = x0
c
= X0(τ)
c
> X0(τ0)
c
of Aµ(x) [see eq. (40)] the spatial position
~x of Aµ(x) is given by ~x 6= ~X(τ) at which we find from eq. (36) that jµ(x) = 0. Hence
one finds from eq. (48) that the abelian potential Aµ(x) in eq. (35) satisfies the Maxwell
equation
∂νF
νµ(x) = jµ(x). (49)
Writing four-velocity in terms of three-velocity
uµ = γ c βµ = γ c (β0, ~β) = γ c (1, ~β), ~β =
~v
c
, γ =
1√
1− ~β2
(50)
we find from eq. (35) that the Lienard-Weichert potential is given by
Aµ(x) = e
βµ(τ0)
β(τ0) · (x−X(τ0))
. (51)
When βµ = (β0, ~β) = (1, 0, 0, 0) we find from eq. (51)
A0(x) =
e
x0 −X0
=
e
|~x− ~X|
(52)
which reproduces the Coulomb potential.
A. U(1) Pure Gauge Potential Produced by Electron at its Highest Speed v ∼ c
As we have mentioned in the introduction, the electric charge e in uniform motion at
its highest speed (which is arbitrarily close to the speed of light v ∼ c) produces U(1)
(approximate) pure gauge potential [9]. This can be shown from the Lienard-Weichert
potential from eq. (35) as follows.
For constant speed v of the electron in uniform motion with four-velocity uµ we find from
eq. (35) that the electromagnetic potential Aµ(x) produced by the constant electric charge
12
e of the electron is given by
Aµ(x) = e
uµ
u · (x−X(τ0))
. (53)
From eqs. (53), (2), (34), (43) and (44) we find that the electromagnetic field (the Maxwell
field tensor) produced by the electric charge e of the electron in uniform motion with four-
velocity uµ is given by [11]
F µν(x) = ec2
(x−X(τ0))
µuν − (x−X(τ0))
νuµ
[u · (x−X(τ0))]3
. (54)
As mentioned in the introduction, since an electron has non-zero mass (even if negligibly
small), it can not travel exactly at speed of light v = c but its highest speed can be arbitrarily
close to the speed of the light v ∼ c. On the other hand gluon is massless and travels exactly
at speed of light. Hence for a massless particle the four velocity vector βµc is exactly at the
speed of light and it remains always at the speed of light where β2c = 0. Since a quark has
non-zero mass (even if the light quark mass is very small), it can not travel exactly at speed
of light v = c but the highest speed of the quark can be arbitrarily close to the speed of
light v ∼ c.
For the highest speed of the electron (which is arbitrarily close to the speed of light v ∼ c)
we write
βµ∼c = (1, ~β∼c), ~β
2
∼c =
~v2
c2
∼ 1, β2∼c ∼ 0 but β
2
∼c 6= 0.
(55)
From eq. (55) we find
uµ∼c = γ∼c × c× β
µ
∼c, γ∼c =
1√
1− ~β2∼c
∼ ∞, but γ∼c =
1√
1− ~β2∼c
6=∞.(56)
Note that since electron has non-zero mass we find (see eq. (56))
uµ∼c 6= (∞, ∞, ∞, ∞). (57)
From eqs. (53), (55), (56) and (57) we find that the electron in uniform motion at its
highest speed (which is arbitrarily close to the speed of light v ∼ c) produces electromagnetic
potential
Aµ(x) = e
uµ∼c
u∼c · (x−X(τ0))
= e
βµ∼c
β∼c · (x−X(τ0))
. (58)
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From the expression Aµ(x) = e β
µ
∼c
β∼c·(x−X(τ0)) from eq. (58) we find that [11] (see eq. (54))
F µν(x) =
e
γ2∼c
(x−X(τ0))
µβν∼c − (x−X(τ0))
νβµ∼c
[β∼c · (x−X(τ0))]3
∝ γ∼c (59)
at the spatial position ~x transverse to the motion of the electron (~β∼c · ~x = 0) at the time
of closest approach (this corresponds to t = x0
c
= 0 with ~X(τ0) = ~β∼cX0(τ0) in eq. (59)).
However, at all other time-space points xµ we find from the expression Aµ(x) = e β
µ
∼c
β∼c·(x−X(τ0))
from eq. (58) that [11] (see eq. (54))
F µν(x) =
e
γ2∼c
(x−X(τ0))
µβν∼c − (x−X(τ0))
νβµ∼c
[β∼c · (x−X(τ0))]3
∼ 0. (60)
The eqs. (59) and (60) imply that at all the time-space points xµ (except at the spatial
position ~x transverse to the motion of the electron at the time of closest approach) we find
(see also [9])
Aµ(x) = e
βµ∼c
β∼c · (x−X(τ0))
∼ ∂µω(x), ω(x) = e ln[β∼c · (x−X(τ0))] (61)
which is the expression of the abelian (approximate) pure gauge potential or U(1) (approx-
imate) pure gauge potential produced by the electron of constant electric charge e moving
at its highest speed (which is arbitrarily close to the speed of the light v ∼ c) where
∂µ eln[β∼c · (x−X(τ0))] = e
1
β∼c · (x−X(τ0))
[βµ∼c − β
2
∼ccγ∼c∂
µτ0]
= e
1
β∼c · (x−X(τ0))
[βµ∼c − β
2
∼c
(x−X(τ0))
µ
β∼c · (x−X(τ0))
] ∼ e
βµ∼c
β∼c · (x−X(τ0))
. (62)
We call the expression in eq. (61) as the abelian (approximate) pure gauge potential or
U(1) (approximate) pure gauge potential because the electron has non-zero mass and hence
it can not travel exactly at speed of light v = c or β2c = 0 to produce the exact abelian pure
gauge potential or the exact U(1) pure gauge potential
Aµ(x) = ∂µω(x), where ω(x) = e ln[βc · (x−X(τ0))]. (63)
It is important to observe from eqs. (58), (59) and (60) that the same expression Aµ(x) =
e β
µ
∼c
β∼c·(x−X(τ0)) in eq. (58) which gives F
µν(x) ∝ γ∼c [see eq. (59)] at the spatial position ~x
transverse to the motion of the electron at the time of closest approach also gives F µν(x) ∼ 0
[see eq. (60)] at all other time-space points xµ where it can be written in the form of the
U(1) (approximate) pure gauge potential as given by eq. (61), see also [9]. Hence one
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finds that the exact expression of the electromagnetic potential Aµ(x) = e β
µ
∼c
β∼c·(x−X(τ0)) as
given by eq. (58) produced by the electron in uniform motion at its highest speed (which is
arbitrarily close to the speed of light v ∼ c) at all the time-space points xµ can be obtained
from the expression of the U(1) (approximate) pure gauge potential Aµ(x) = e β
µ
∼c
β∼c·(x−X(τ0))
from eq. (61) even if the expression Aµ(x) = e β
µ
∼c
β∼c·(x−X(τ0)) can be written in the form of
the U(1) (approximate) pure gauge potential Aµ(x) ∼ ∂µω(x) at all the time-space points
xµ (except at the spatial position ~x transverse to the motion of the electron at the time of
closest approach).
Since the Yang-Mills theory was developed in analogy to Maxwell theory by extending
U(1) group to SU(3) group appropriately (see [3]) one expects the above features to be
valid in Yang-Mills theory as well. Hence one expects that the expression of the Yang-Mills
potential Aµa(x) produced by the quark in uniform motion at its highest speed (which is
arbitrarily close to the speed of light v ∼ c) can be obtained from the expression of the
SU(3) (approximate) pure gauge potential produced by the quark.
IV. GENERAL EXPRESSION OF THE SU(3) PURE GAUGE POTENTIAL PRO-
DUCED BY THE QUARK
In the previous section we saw that the expression of the electromagnetic potential Aµ(x)
as given by eq. (58) produced by the electric charge e of the electron in uniform motion at its
highest speed (which is arbitrarily close to the speed of light v ∼ c) in Maxwell theory can be
obtained from the expression of the U(1) (approximate) pure gauge potential as given by eq.
(61) produced by the electron. As described in detail in the introduction, since Yang-Mills
theory was developed by making analogy with Maxwell theory by extending U(1) group to
SU(3) group appropriately (see [3]), one expects by making analogy with the Maxwell theory
that the expression of the Yang-Mills potential Aµa(x) produced by the color charges qa(τ)
of the quark in uniform motion at its highest speed (which is arbitrarily close to the speed
of light v ∼ c) in the Yang-Mills theory can be obtained from the expression of the SU(3)
(approximate) pure gauge potential produced by the quark (see section IVC for details).
Note that the U(1) pure gauge potential Aµ(x) = ∂µω(x) in Maxwell theory is linearly
proportional to ω(x) whereas the SU(3) pure gauge potential Aµa(x) = [∂µωb(x)] [ e
gM(x)−1
gM(x)
]ab
in eq. (32) in Yang-Mills theory contains infinite powers of ωa(x) where Mab(x) = f
abcωc(x)
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is given by eq. (31). Note that if we assume all the fabc = 0 then the Yang-Mills the-
ory reduces to Maxwell-like theory. For example, if we assume all the fabc = 0 then the
SU(3) pure gauge potential Aµa(x) = [∂µωb(x)] [ e
gM(x)−1
gM(x)
]ab in eq. (32) becomes equal to
∂µωa(x). Hence in Yang-Mills theory one finds from the SU(3) pure gauge potential Aµa(x) =
[∂µωb(x)] [ e
gM(x)−1
gM(x)
]ab = ∂
µωa(x) + g
2!
fabcωc(x)∂µωb(x) + g
2
3!
facdωd(x)f cbhωh(x)∂µωb(x) +
.... that the first term ∂µωa(x) corresponds to U(1) pure gauge potential ∂µω(x) in
Maxwell theory. This implies that since ∂µω(x) of the electron in eq. (61) is linearly pro-
portional to the fundamental electric charge e of the electron, the ∂µωa(x) of the quark is
linearly proportional to the fundamental color charge qa(τ) of the quark. Since the ∂µωa(x)
of the quark is linearly proportional to fundamental color charge qa(τ) of the quark, the
expression of ωa(x) of the quark may be calculated by using abelian approximations [see
eq. (95) and section IVB for details], similar to the derivation of ω(x) of the electron in
eq. (61). This implies that the general expression of the SU(3) pure gauge potential pro-
duced by the quark may be obtained from the form of the SU(3) pure gauge potential
Aµa(x) = [∂µωb(x)] [ e
gM(x)−1
gM(x)
]ab from eq. (32) in Yang-Mills theory by using the general ex-
pression of the ωa(x) of the quark by using the abelian approximations [see eq. (95)] where
Mab(x) = f
abcωc(x) is given by eq. (31) [see section IVC for details]. Since the general ex-
pression of the color potential (Yang-Mills potential) produced by the quark can be obtained
from the general expression of the SU(3) pure gauge potential produced by the quark (see
section V for details) one finds that the general expression of the potential produced by the
quark may be obtained from the abelian approximations mentioned above.
Hence all it boils down is to find the general expression of the ωa(x) of the quark in
the Yang-Mills theory. Note that, as mentioned earlier, the expression of the ω(x) of the
electron in Maxwell theory is given by eq. (61).
A. Abelian-Like Pure Gauge Color Potential Produced by Constant Color Charge
However, as we will see below, it is not straightforward to extend the derivation of ω(x)
in eq. (61) for constant electric charge e of the electron to the derivation of ωa(x) for
time dependent color charge qa(τ) of the quark. For this reason we will first consider the
constant color charge qa before considering the time dependent color charge qa(τ). Note
that the constant color charge qa does not correspond to any physical situation because the
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color charge qa(τ) of the quark is time dependent. The only reason we have considered the
constant color charge qa here is to motivate similar (abelian-like) derivation for the time
dependent color charge qa(τ) of the quark (see section IVB).
Since the electric charge e is constant in Maxwell theory, we find by extending eq. (36)
to constant color charge qa [11]
J µa(x) =
∫
dτ qa uµ(τ) δ(4)(x−X(τ)) (64)
which is exactly similar to eq. (36) except that the constant electric charge e is replaced by
constant color charge qa. Since we have called the jµ(x) produced by the constant electric
charge e in eq. (36) as abelian electric current density, we will call the J µa(x) produced by
the constant color charge qa in eq. (64) as abelian-like color current density. The J µa(x) in
eq. (64) satisfies the continuity equation
∂µJ
µa(x) = 0 (65)
which confirms that the color charge qa is constant.
Using the abelian-like color current density J µa(x) from eq. (64) in the inhomogeneous
wave equation
∂ν∂νA
µa(x) = J µa(x) (66)
we find the solution [11]
Aµa(x) = qa
uµ(τ0)
u(τ0) · (x−X(τ0))
(67)
by using J µa(x) from eq. (64) in
Aµa(x) =
∫
d4x′Dr(x− x
′)J µa(x′) (68)
where Dr(x− x
′) is the retarded greens function.
Note that we have used the curly notations J µa(x), Aµa(x) etc. in the abelian-like case
for a constant color charge qa in this section and in the abelian-like non-abelian case for
a time dependent color charge qa(τ) in section IVB but we have used the usual notations
jµa(x), Aµa(x) etc. in the (full) non-aelian case in Yang-Mills theory in sections I, IVC, V
and in appendix C. The eq. (66) is similar to eq. (37) in Maxwell theory and the eq. (67)
is similar to eq. (35) in Maxwell theory.
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From eq. (A2) in the appendix we find that Aµa(x) as given by eq. (67) satisfies the
Lorentz gauge condition
∂µA
µa(x) = 0. (69)
From eq. (A4) in the appendix we find that Aµa(x) as given by eq. (67) satisfies the equation
∂ν∂νA
µa(x) = 0. (70)
From eqs. (70) and (69) we find
∂νF
νµa(x) = 0 (71)
where
Fµνa(x) = ∂µAνa(x)− ∂νAµa(x). (72)
For a fermion of non-zero mass having color charge qa one finds [see the discussion above eq.
(49)] that at the time t = x0
c
= X0(τ)
c
>
X0(τ0)
c
of Aµa(x) [see eq. (40)] the spatial position ~x
of Aµa(x) in eq. (67) is given by ~x 6= ~X(τ) at which one finds from eq. (64) the J µa(x) = 0
which implies that the eq. (71) satisfies the Maxwell-like equation
∂νF
νµa(x) = J µa(x). (73)
Note that the expression of Aµa(x) in eq. (67) is exactly same as the abelian potential
Aµ(x) produced by the constant electric charge e in eq. (35) except that the constant electric
charge e is replaced by the constant color charge qa. Furthermore the Aµa(x) in eq. (67)
satisfies Lorenz gauge condition as given by eq. (69) which is similar to the Lorenz gauge
condition in abelian theory as given by eq. (46). In addition to this the Aµa(x) in eq. (67)
satisfies the Maxwell-like equation as given by eq. (73) which is similar to Maxwell equation
as given by eq. (49) in abelian theory. For these reasons, since we have called Aµ(x) in eq.
(35) as the abelian potential produced by the constant electric charge e, we will call Aµa(x)
in eq. (67) as the abelian-like color potential produced by the constant color charge qa.
When the speed of the color charge is arbitrarily close to the speed of light (v ∼ c) we
find from eqs. (67) and (72) [by using eqs. (34), (43) and (44)] that at all the time-space
points xµ (except at the spatial position ~x transverse to the motion of the color charge at
the time of closest approach) the
Fµνa(x) ∼ 0 (74)
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which is similar to eq. (60) in abelian theory. From eq. (74) we find (similar to eq. (61) in
abelian theory) that the abelian-like color potential Aµa(x) in eq. (67) at all the time-space
points xµ (except at the spatial position ~x transverse to the motion of the color charge at
the time of closest approach) produced by the constant color charge qa at its highest speed
(which is arbitrarily close to the speed of light v ∼ c) can be written in the form
Aµa(x) = qa
βµ∼c
β∼c · (x−X(τ0))
∼ ∂µωa(x), where ωa(x) = qa ln[β∼c · (x−X(τ0))].
(75)
Note that the expression of Aµa(x) in eq. (75) is exactly same as the expression of Aµ(x) in
eq. (61) except that the constant electric charge e is replaced by the constant color charge
qa. Since we have called Aµ(x) in eq. (61) as the abelian (approximate) pure gauge potential
produced by the constant electric charge e in uniform motion at its highest speed (which is
arbitrarily close to the speed of light v ∼ c), we will call Aµa(x) in eq. (75) as the abelian-
like (approximate) pure gauge color potential produced by the constant color charge qa in
uniform motion at its highest speed (which is arbitrarily close to the speed of light v ∼ c).
By using ωa(x) from eq. (75) in eq. (32) we find that the non-abelian SU(3) pure gauge
potential
Aµa(x) = [∂µωb(x)] [
egM(x) − 1
gM(x)
]ab = [∂µω
b(x)] [1 +
g
2!
M(x) +
g2
3!
M2(x) +
g3
4!
M3(x) + ...]ab = ∂µω
a(x)
(76)
becomes an abelian-like pure gauge color potential ∂µωa(x) where Mab(x) is given by eq.
(31). Note that the repeated color indices b(=1,2,....8) are summed in eq. (76).
Hence we find from eq. (76) that if color charge qa is constant then the SU(3)
pure gauge potential Aµa(x) obtained from the SU(3) pure gauge equation T aAµa(x) =
1
ig
[∂µU(x)]U−1(x) reduces to an abelian-like pure gauge color potential Aµa(x) = ∂µωa(x)
where U(x) = eigT
aωa(x).
This is expected because when the color charge qa is constant, the entire physics becomes
similar to QED except that the role of constant electric charge e is replaced by constant
color charge qa, where a=1,2,...8. This is equivalent to an abelian-like continuity equation
as given by eq. (65) which becomes possible only when all the generators T a are diagonal
i.e., when fabc = 0 for all values of a, b, c=1,2,...8.
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B. Abelian-Like Non-Abelian Pure Gauge Color Potential Produced by Time
Dependent Color Charge
However, since all the the generators T a in SU(3) group are not diagonal the non-abelian
Yang-Mills color current density jµa(x) of the quark does not satisfy the continuity equation
similar to that in eq. (65). Instead, the non-abelian Yang-Mills color current density jµa(x)
of the quark satisfies the eq. (11) which implies that the color charge of the quark is not
constant.
As discussed in the introduction since the color charge of the quark is not constant and
it is independent of space coordinate ~x one finds that the color charge of the quark in
Yang-Mills theory has to be time dependent.
Hence we find that unlike constant color charge qa which does not satisfy eq. (11), the
time dependent color charge qa(t) satisfies eq. (11).
As mentioned earlier the constant color charge qa does not correspond to any physical
situation and we have considered it here only to motivate similar (abelian-like) derivation
for the time dependent color charge qa(τ). Hence in order to derive the general expression
of ωa(x) of the quark in terms of the time dependent color charge qa(τ) of the quark we
proceed as follows. Extending eq. (64) to time dependent color charge qa(τ) we write
J µa(x) =
∫
dτ qa(τ) uµ(τ) δ(4)(x−X(τ)) (77)
which gives
∂µJ
µa(x) =
∫
dτ
dqa(τ)
dτ
δ(4)(x−X(τ)) (78)
which is non-zero at xµ = Xµ(τ) which confirms that the color charge qa(τ) is not constant.
Using J µa(x) from eq. (77) in the inhomogeneous wave equation
∂ν∂νA
µa(x) = J µa(x) (79)
we find the solution [11]
Aµa(x) = qa(τ0)
uµ(τ0)
u(τ0) · (x−X(τ0))
(80)
by using J µa(x) from eq. (77) in
Aµa(x) =
∫
d4x′Dr(x− x
′)J µa(x′) (81)
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where Dr(x− x
′) is the retarded greens function.
Note that eq. (79) is similar to eq. (66) for the constant color charge qa case except that
constant color charge qa is replaced by time dependent color charge qa(τ). Hence one finds
that eq. (80) is similar to eq. (67) for the constant color charge qa case except that constant
color charge qa is replaced by time dependent color charge qa(τ0). However, the A
µa(x) in eq.
(67) for the constant color charge qa case satisfies the Lorentz gauge condition as given by
eq. (69) whereas the Aµa(x) in eq. (80) for the time dependent color charge qa(τ) case does
not satisfy the Lorentz gauge condition. Hence one finds that the Aµa(x) in eq. (80) for the
time dependent color charge qa(τ) case does not satisfy the Maxwell-like equation (similar to
eq. (73) for the constant color charge qa case). This is the main difference between constant
color charge qa case and time dependent color charge qa(τ) case. However, as we will see
below, when the time dependent color charge qa(τ) in uniform motion is at its highest speed
(which is arbitrarily close to the speed of light v ∼ c) the Aµa(x) in eq. (80) satisfies Lorentz
gauge condition and hence satisfies Maxwell-like equation (similar to eq. (73) for constant
color charge case) at all the time-space points xµ (except at the spatial position ~x transverse
to the motion of the color charge at the closest time of approach) with the Fµνa(x) given by
Fµνa(x) = ∂µAνa(x)− ∂νAµa(x). (82)
Hence when the time dependent color charge in uniform motion is at its highest speed (which
is arbitrarily close to the speed of light v ∼ c) one expects to derive the general expression
of ωa(x) of the time dependent color charge qa(τ) at all the time-space points xµ (except
at the spatial position ~x transverse to the motion of the color charge at the closest time of
approach) [similar to the derivation of the ωa(x) in eq. (75) for the constant color charge qa
case]. This can be shown as follows.
From eq. (A8) in the appendix we find that Aµa(x) in eq. (80) satisfies
∂ν∂νA
µa(x) = 0. (83)
Similar to the electromagnetic case [see the paragraph above eq. (49)], since Xµ(τ0) is the
time-space position of the color charge of the quark which produced Aµa(x) in eq. (80) and
since a quark (even if the mass of the light quark is very small) can not travel exactly at
speed of light one finds that at the time t = x0
c
= X0(τ)
c
>
X0(τ0)
c
of Aµa(x) [see eq. (40)] the
spatial position ~x of Aµa(x) is given by ~x 6= ~X(τ) at which we find from eqs. (80), (82) and
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(78) that
∂µ∂νF
µνa(x) = 0 = ∂µJ
µa(x). (84)
One should not be confused with the fact that ∂µJ
µa(x) can be non-zero in eq. (78) whereas
∂µJ
µa(x) = 0 in eq. (84). This is because the time-space point xµ at which ∂µJ
µa(x) 6= 0
in eq. (78) is given by xµ = Xµ(τ) whereas the spatial position ~x at which ∂µJ
µa(x) = 0
in eq. (84) is given by ~x 6= ~X(τ) [see the discussions above eq. (84)]. Similarly one finds
that the ∂µJ
µa(x) = 0 in eq. (84) does not mean that the color charge is constant because
∂µJ
µa(x) = 0 in eq. (84) is at the spatial position ~x 6= ~X(τ) whereas at the time-space
position xµ = Xµ(τ) one finds from eq. (78) that ∂µJ
µa(x) 6= 0 which confirms that the
color charge qa(τ) is time dependent.
From eq. (A9) in the appendix we find that Aµa(x) in eq. (80) gives
∂µA
µa(x) =
q˙a(τ0)
u(τ0) · (x−X(τ0))
(85)
which does not satisfy the Lorentz gauge condition where
q˙a(τ0) =
dqa(τ)
dτ
|τ=τ0 . (86)
Note that eq. (83) is consistent with eq. (79) because the spatial position ~x of Aµa(x) in
eq. (80) is given by ~x 6= ~X(τ) [see the discussion above eq. (84)] where one finds from eq.
(77) the J µa(x) = 0. However, since Lorentz gauge condition is not satisfied in eq. (85) one
finds that the Aµa(x) in eq. (80) does not satisfy the Maxwell-like equation (similar to eq.
(73) for the constant color charge qa case) where Fµνa(x) is given by eq. (82). For unform
velocity we find from eq. (85)
∂µA
µa(x) =
q˙a(τ0)
u · (x−X(τ0))
. (87)
When the time dependent color charge qa(τ) in uniform motion is at its highest speed (which
is arbitrarily close to the speed of light v ∼ c) we find from eq. (80) that the Aµa(x) is given
by
Aµa(x) = qa(τ0)
βµ∼c
β∼c · (x−X(τ0))
. (88)
Hence we find from eq. (87) that at all the time-space points xµ (except at the spatial
position ~x transverse to the motion of the color charge at the time of closest approach) the
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Aµa(x) in eq. (88) satisfies (approximate) Lorentz gauge condition
∂µA
µa(x) ∼ 0. (89)
From eqs. (89) and (83) we find that at all the time-space points xµ (except at the spatial
position ~x transverse to the motion of the color charge at the time of closest approach) the
Aµa(x) in eq. (88) satisfies the equation
∂νF
νµa(x) ∼ 0 (90)
where Fµνa(x) is given by eq. (82). Since the spatial position ~x of Aµa(x) is given by
~x 6= ~X(τ) [see the discussion above eq. (84)] at which the J µa(x) = 0 [see eq. (77)] we find
that the eq. (90) satisfies Maxwell-like equation ∂νF
νµa(x) = J µa(x) at all the time-space
points xµ (except at the spatial position ~x transverse to the motion of the color charge at
the time of closest approach).
From eq. (A12) in the appendix we find at all the time-space points xµ (except at the
spatial position ~x transverse to the motion of the color charge at the time of closest approach)
that the Aµa(x) in eq. (88) gives
Fµνa(x) ∼ 0 (91)
where Fµνa(x) is given by eq. (82). Eq. (91) for time dependent color charge qa(τ) case is
similar to eq. (74) for the constant color charge qa case.
We find from eqs. (88), (89), (90) and (91) that at all the time-space points xµ (except
at the spatial position ~x transverse to the motion of the color charge at the time of closest
approach) the Aµa(x) in eq. (88) produced by the time dependent color charge qa(τ) in
uniform motion at its highest speed (which is arbitrarily close to the speed of light v ∼ c)
satisfies
∂µA
µa(x) ∼ 0, (92)
∂µF
µνa(x) ∼ 0 (93)
and
Fµνa(x) ∼ 0 (94)
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where Fµνa(x) is given by eq. (82) which implies that the Aµa(x) in eq. (88) can be written
in the form
Aµa(x) = qa(τ0)
βµ∼c
β∼c · (x−X(τ0))
∼ ∂µωa(x), ωa(x) =
∫
dlc
qa(τ0)
lc
, lc = β∼c · (x−X(τ0))
(95)
which is similar to eq. (75) for the constant color charge qa case. Note that we have called
the expression of Aµa(x) in eq. (75) as the abelian-like (approximate) pure gauge color
potential which is produced by the constant color charge qa in uniform motion at its highest
speed (which is arbitrarily close to the speed of light v ∼ c). Similarly we will call the
expression of Aµa(x) in eq. (95) as the abelian-like non-abelian (approximate) pure gauge
color potential which is produced by the time dependent color charge qa(τ) of the quark in
uniform motion at its highest speed (which is arbitrarily close to the speed of light v ∼ c).
One can view the abelian (approximate) pure gauge potential in eq. (61) produced by
the constant electric charge e of the electron is like soft/collinear photon field in QED
which interacts with electron but not with photon. Similarly one finds that the abelian-like
(approximate) pure gauge color potential in eq. (75) produced by constant color charge qa
can interact with quark but not with gluon even if it carries color indices. On the other hand
the abelian-like non-abelian (approximate) pure gauge color potential in eq. (95) which is
produced by the time dependent color charge qa(τ) of the quark is like soft/collinear gluon
field in QCD which interacts with gluon as well as with quark.
C. General Expression of the SU(3) Pure Gauge Potential Produced by the Quark
The expression of the ω(x) of the electron in uniform motion at its highest speed (which
is arbitrarily close to the speed of light v ∼ c) at all the time-space points xµ (except at the
spatial position ~x transverse to the motion of the electron at the time of closest approach)
is given by eq. (61). Similarly, the general expression of the ωa(x) of the quark in uniform
motion at its highest speed (which is arbitrarily close to the speed of light v ∼ c) at all the
time-space points xµ (except at the spatial position ~x transverse to the motion of the quark
at the time of closest approach) is given by eq. (95). As described in detail in the second
paragraph of section IV, by comparing eqs. (61) and (95) with eqs. (33) and (32) [where
Mab(x) is given by eq. (31)] one finds that the general expression of the SU(3) (approximate)
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pure gauge potential produced by the time dependent color charges qa(τ) of the quark in
uniform motion at its highest speed (which is arbitrarily close to the speed of light v ∼ c)
at all the time-space points xµ (except at the spatial position ~x transverse to the motion of
the quark at the time of closest approach) can be obtained from the form of the SU(3) pure
gauge potential from eq. (32) by using the general expression of the ωa(x) of the quark [as
given by eq. (95)] in eqs. (31) and (32).
Hence by using the general expression of the ωa(x) of the quark [as given by eq. (95)]
in the form of the SU(3) pure gauge potential in eq. (32) [where Mab(x) is given by eq.
(31)] we find that the general expression of the SU(3) (approximate) pure gauge potential
produced by the time dependent color charges qa(τ) of the quark in uniform motion at its
highest speed (which is arbitrarily close to the speed of light v ∼ c) at all the time-space
points xµ (except at the spatial position ~x transverse to the motion of the quark at the time
of closest approach) is given by
Aµa(x) =
βµ∼c
β∼c · (x−X(τ0))
qb(τ0)[
eg
∫
dlc
Q(τ0)
lc − 1
g
∫
dlc
Q(τ0)
lc
]ab ∼ [∂
µωb(x)] [
egM(x) − 1
gM(x)
]ab
(96)
where
Qab(τ0) = f
abdqd(τ0), lc = β∼c · (x−X(τ0)), Mab(x) = f
abdωd(x), ωa(x) =
∫
dlc
qa(τ0)
lc
.
(97)
Eq. (96) in Yang-Mills theory is analogous to eq. (61) in Maxwell theory.
From eqs. (96), (34), (43) and (44) we find that at all the time-space points xµ (except at
the spatial position ~x transverse to the motion of the quark at the time of closest approach)
the quark in uniform motion at its highest speed (which is arbitrarily close to the speed of
light v ∼ c) produces
F µνa(x) ∼ 0 (98)
where F µνa(x) is given by eq. (8).
Eq. (98) in Yang-Mills theory is analogous to eq. (60) in Maxwell theory.
As mentioned earlier, it is important to observe that in Maxwell theory the expression
Aµ(x) = e β
µ
∼c
β∼c·(x−X(τ0)) in eq. (61) and the expression A
µ(x) = e β
µ
∼c
β∼c·(x−X(τ0)) in eq. (58) are
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same. As described in detail in the introduction, the Yang-Mills theory was developed by
making analogy with the Maxwell theory by extending U(1) group to SU(3) group appro-
priately, see [3]. Since the eq. (96) in Yang-Mills theory is analogous to eq. (61) in Maxwell
theory, by making analogy with Maxwell theory we find from eq. (96) that the expression
Aµa(x) =
βµ∼c
β∼c · (x−X(τ0))
qb(τ0)[
eg
∫
dlc
Q(τ0)
lc − 1
g
∫
dlc
Q(τ0)
lc
]ab, Q
ab(τ0) = f
abdqd(τ0), lc = β∼c · (x−X(τ0))
(99)
in Yang-Mills theory is analogous to eq. (58) in Maxwell theory.
From eqs. (99), (8), (34), (43) and (44) we find
F µνa(x) ∝ γ∼c (100)
at the spatial position ~x transverse to the motion of the quark at the time of closest approach.
The eq. (100) in Yang-Mills theory is analogous to eq. (59) in Maxwell theory.
Note that, as mentioned earlier, the expression Aµ(x) = e β
µ
∼c
β∼c·(x−X(τ0)) in eq. (58) in
Maxwell theory is the exact expression of the Maxwell potential (electromagnetic potential)
Aµ(x) at all the time-space points xµ produced by the electric charge e of the electron
in uniform motion at its highest speed (which is arbitrarily close to the speed of light
v ∼ c). Hence by making analogy with Maxwell theory we have found that the expression
Aµa(x) = β
µ
∼c
β∼c·(x−X(τ0))q
b(τ0)[
e
g
∫
dlc
Q(τ0)
lc −1
g
∫
dlc
Q(τ0)
lc
]ab in eq. (99) in Yang-Mills theory is the general
expression of the Yang-Mills potential Aµa(x) at all the time-space points xµ produced by the
color charges qa(τ) of the quark in uniform motion at its highest speed (which is arbitrarily
close to the speed of light v ∼ c).
V. GENERAL FORM OF COLOR POTENTIAL PRODUCED BY COLOR
CHARGES OF THE QUARK
In Maxwell theory we find from eq. (52) that the Coulomb potential is given by
A0(x) = e
β0
β0(x0 −X0)
, x0 −X0 = |~x− ~X|, (101)
and from eq. (51) we find that the Lienard-Weichert potential is given by
Aµ(x) = e
βµ(τ0)
β(τ0) · (x−X(τ0))
, x0 −X0(τ0) = |~x− ~X(τ0)|, (102)
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and from eq. (61) we find that the U(1) (approximate) pure gauge potential is given by
Aµ(x) = e
βµ∼c
β∼c · (x−X(τ0))
, x0 −X0(τ0) = |~x− ~X(τ0)|, (103)
where β0 is the zeroth component of the four velocity vector, β
µ
∼c is the four-velocity ar-
bitrarily close to the speed of light (v ∼ c) and βµ(τ) is any arbitrary four velocity of the
electron.
Note that as we saw in section IIIA the expression Aµ(x) = e β
µ
∼c
β∼c·(x−X(τ0)) in eq. (103)
which can be written in the form of the U(1) (approximate) pure gauge potential as given
by eq. (61) at all the time-space points xµ (except at the spatial position ~x transverse to
the motion of the electron at the time of closest approach) is the same expression Aµ(x) =
e β
µ
∼c
β∼c·(x−X(τ0)) in eq. (58) produced by the electron in uniform motion at its highest speed
(which is arbitrarily close to the speed of light v ∼ c) at all the time-space points xµ.
Hence eqs. (101), (102) and (103) suggest that in Maxwell theory (or in U(1) gauge
theory) there is just one formula for the electromagnetic potential in the nature. Depending
on three different speed limits we call them three different potentials. For example, when
speed is zero (βµ = (β0, 0, 0, 0)) we call it Coulomb potential (see eq. (101)), when speed
is finite
(
βµ(τ) = (β0, ~β(τ))
)
we call it Lienard-Weichert potential (see eq. (102)) and when
speed is arbitrarily close to the speed of light
(
βµ = (β0, ~β∼c)
)
we call it U(1) (approximate)
pure gauge potential (see eq. (103)).
Eqs. (101), (102) and (103) suggest that if we know one formula then we can get the
other two formulas by changing the four-velocity vector. For example, the static Coulomb
potential A0(x) in eq. (101) can be obtained from the Lienard-Weichert potential A
µ(x) by
replacing
βµ(τ)→ (β0, 0, 0, 0), or by putting ~β = 0 (104)
in eq. (102). This is obvious because when we put velocity ~β = 0 then the particle comes to
rest, see eq. (50). Similarly the static Coulomb potential A0(x) in eq. (101) can be obtained
from the U(1) (approximate) pure gauge potential Aµ(x) by replacing
βµ∼c → (β0, 0, 0, 0) (105)
in eq. (103). Note that β0 = 1 remains unchanged in β
µ(τ) and in βµ∼c, see eqs. (50)
and (55). Since Yang-Mills theory is obtained from Maxwell theory by extending the U(1)
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gauge group to SU(3) gauge group (see [3]), one expects eqs. (104) and (105) to be valid in
Yang-Mills theory. Hence one expects that the exact expression of the Yang-Mills potential
Aµa(x) produced by the quark moving at any speed can be obtained from the expression of
the SU(3) (approximate) pure gauge potential produced by the quark in uniform motion at
its highest speed (which is arbitrarily close to the speed of light v ∼ c).
In other words, one can obtain the exact expression of the Yang-Mills potential (color
potential) Aa0(x) produced in a frame where the quark is at rest from the expression of the
SU(3) (approximate) pure gauge potential Aµa(x) produced in a frame where the quark is
in uniform motion at its highest speed (which is arbitrarily close to the speed of light v ∼ c)
by using eq. (105) in (96).
The above argument can be generalized to a frame where the charge is moving at any
arbitrary speed. For example, by comparing eq. (103) with eq. (102) we find that the exact
expression of the physical potential (Lienard-Weichert potential) in eq. (102) in Maxwell
theory can be obtained from the expression of the U(1) (approximate) pure gauge potential
by replacing
βµ∼c → β
µ(τ) (106)
in eq. (103). This is expected because (approximate) pure gauge potential is obtained from
the Lienard-Wiechert potential when the speed of the electron in uniform motion approaches
its highest speed (which is arbitrarily close to the speed of light v ∼ c), see eqs. (60) and
(61). By the word ”physical potential” we mean the potential which gives physical (gauge
invariant) electromagnetic field Fµν in Maxwell theory (see eq. (2)) and physical (gauge
invariant)
∑8
a=1 F
a
µνF
µνa (see eq. (8)) in Yang-Mills theory.
The replacement as given by eq. (105) can also be explicitly verified by using Lorentz
transformations.
As mentioned earlier (see section IIIA) the expression Aµ(x) = e β
µ
∼c
β∼c·(x−X(τ0)) in eq. (58)
which is valid at all the time-space points xµ can be written in the form of the U(1) (ap-
proximate) pure gauge potential at all the time-space points xµ (except at the spatial
position ~x transverse to the motion of the electron at the time of closest approach), see
eq. (61) or eq. (103). Since we have made the Lorentz transformation on the expression
Aµ(x) = e β
µ
∼c
β∼c·(x−X(τ0)) (see below), the Lorentz transformation technique we have used is
valid at all the time-space points xµ to obtain the expression of the Coulomb potential A0(x)
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produced by the electron at rest from the expression of the electromagnetic potential Aµ(x)
produced by the electron in uniform motion at its highest speed (which is arbitrarily close
to the speed of light v ∼ c).
From eqs. (56), (57) and (103) we find that
Aµ(x) = e
uµ∼c
u∼c · (x−X(τ0))
. (107)
The Lorentz transformation of the electromagnetic potential Aµ(x) is given by [11]
A′µ =
∂x′µ
∂xν
Aν(x), A′µ =
∂xν
∂x′µ
Aν(x). (108)
Consider two inertial reference frames K and K ′ with a relative velocity ~v between them.
The time and space coordinates of a point are (t, x, y, z) and (t′, x′, y′, z′) in the frames
K and K ′ respectively. If the axes in two inertial frames K and K ′ remain parallel, but the
uniform velocity ~v of the frame K ′ in frame K is in an arbitrary direction we find [11]
x′0 = γβ · x, x
′i = xi +
γ − 1
~β2
(~β · ~x)βi − γβix0, i = 1, 2, 3. (109)
From eqs. (109) and (55) we find
x′0 = γ∼c(β∼c · x), x
′i = xi +
γ∼c − 1
~β2∼c
(~β∼c · ~x)β
i
∼c − γ∼cβ
i
∼cx0, i = 1, 2, 3.
(110)
Hence from eqs. (57) and (110) we find
x′0 6=∞, x
′i 6=∞, when v ∼ c. (111)
Since x′0 and x
′i are not exactly infinity (see eq. (111)) and since the electromagnetic
potential Aµ(x) in eq. (107) or in eq. (58) is neither zero nor (exactly) infinity [because
electron has finite mass even if it is very small] we can perform Lorentz transformation on
Aµ(x) in eq. (107) or on Aµ(x) in eq. (58).
From eq. (108) we find
A′0 =
∂x′0
∂xν
Aν(x). (112)
From eqs. (112), (110) and (107) [or (58)] we find
A′0 = γ∼c
∂(β∼c · x)
∂xν
Aν(x) = γ∼c × β∼c · A(x) = ec
1
u∼c · (x−X(τ0))
. (113)
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Since electron has non-zero mass we find from eq. (57) that the A′0 6= 0 or A
′
0 6= ∞ in eq.
(113). Since
τ = τ ′ (114)
under a Lorentz transformation, we find from eqs. (110) and (113) that
A′0 = e
1
x′0 −X
′
0(τ
′
0)
. (115)
By using the retarded condition
x′0 −X
′
0(τ
′
0) = |~x
′ − ~X ′(τ ′0)| (116)
we find from eq. (115)
A′0 = e
1
|~x′ − ~X ′(τ ′0)|
. (117)
Hence we find from eqs. (114) and (117)
A0 = e
1
|~x− ~X(τ0)|
(118)
which reproduces the exact expression of the Coulomb potential produced by the electron
at rest.
Hence we find that the exact expression of the Coulomb potential in eq. (118) can be
obtained from the expression of the U(1) (approximate) pure gauge potential in eq. (103)
[or from the expression of the electromagnetic potential Aµ(x) in eq. (58) produced by the
electron at its highest speed (which is arbitrarily close to the speed of light v ∼ c)] by using
Lorentz transformations. Hence by using Lorentz transformations we have proved that the
static Coulomb potential A0(x) in eq. (101) can be obtained from the expression of the
U(1) (approximate) pure gauge potential Aµ(x) in eq. (103) [or from the expression of the
electromagnetic potential Aµ(x) in eq. (58) produced by the electron at its highest speed
(which is arbitrarily close to the speed of light v ∼ c)] by using eq. (105) in (103) [or by
using eq. (105) in (58)].
From eq. (118) we find that the exact expression of the electromagnetic potential Aµ(x)
produced by the electron moving with arbitrary four velocity uµ(τ) is given by
Aµ(x) = e
uµ(τ0)
u(τ0) · (x−X(τ0))
(119)
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which reproduces eq. (102) for the Lienard-Wiechert potential produced by the electron
moving with arbitrary four-velocity uµ(τ) where τ0 is obtained from the solution of the
retarded condition given by eq. (41).
Similarly one can perform the Lorentz transformation on the electromagnetic field F µν(x)
produced by the electron in uniform motion at its highest speed (which is arbitrarily close
to the speed of light v ∼ c) to obtain the exact expression of the static Coulomb electric
field produced by the electron at rest (see appendix B).
Hence one finds that once the expression of the (approximate) pure gauge electromagnetic
potential is known then one can obtain the exact expression of the static Coulomb potential
from it by using Lorentz transformations. This is consistent with the fact that eq. (101)
can be obtained from eq. (103) by using eq. (105) in (103).
Note that the above Lorentz transformation is performed in a frame which is moving
arbitrarily close to the speed of light (v ∼ c) but not exactly at the speed of light (v = c).
Since the Lorentz transformation on the light-cone remains on the light-cone, one should
not make Lorentz transformation at speed of light (v = c). However, as shown above, one
can make Lorentz transformation in a frame which is moving arbitrarily close to the speed
of light (v ∼ c). This is consistent with the fact that the electron has non-zero mass.
The above Lorentz transformation techniques can be extended to Yang-Mills theory.
From eqs. (56), (57) and (96) we find that a quark in uniform motion at its highest speed
(which is arbitrarily close to the speed of light v ∼ c) produces the Yang-Mills potential
(color potential)
Aµa(x) = qb(τ0)
uµ∼c
u∼c · (x−X(τ0))

exp[g
∫
dlc
Q(τ0)
lc
]− 1
g
∫
dlc
Q(τ0)
lc


ab
(120)
which can be written in the SU(3) (approximate) pure gauge potential form (see eqs. (16),
(32), (96))
T aAµa(x) ∼
1
ig
[∂µU(x)]U−1(x), U(x) = eigT
aωa(x) (121)
where dlc integration is an indefinite integration and (see eq. (96))
lc = u∼c · (x−X(τ0)), Qab(τ0) = f
abdqd(τ0), ω
a(x) =
∫
dlc
qa(τ0)
lc
. (122)
It has to be remembered that, as discussed explicitly in the section IV, the expression
Aµa(x) = β
µ
∼c
β∼c·(x−X(τ0))q
b(τ0)[
e
g
∫
dlc
Q(τ0)
lc −1
g
∫
dlc
Q(τ0)
lc
]ab in eq. (99) which is valid at all the time-space
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points xµ can be written in the form of the SU(3) (approximate) pure gauge potential at all
the time-space points xµ (except at the spatial position ~x transverse to the motion of the
quark at the time of closest approach), see eq. (96) or eq. (120). Since we have made the
Lorentz transformation on the expression Aµa(x) = β
µ
∼c
β∼c·(x−X(τ0))q
b(τ0)[
e
g
∫
dlc
Q(τ0)
lc −1
g
∫
dlc
Q(τ0)
lc
]ab (see
below), the Lorentz transformation technique we have used is valid at all the time-space
points xµ to obtain the form of the Yang-Mills potential Aa0(x) produced by the quark at
rest from the expression of the Yang-Mills potential Aµa(x) produced by the quark in uniform
motion at its highest speed (which is arbitrarily close to the speed of light v ∼ c).
Since a quark has non-zero mass one finds from eq. (111) that x′0 and x
′i are not exactly
infinity. Since x′0 and x
′i are not exactly infinity and the Yang-Mills potential Aµa(x) in eq.
(120) or in eq. (99) is neither zero nor (exactly) infinity [because a quark has finite mass
even if the light quark mass is very small] we can perform Lorentz transformation on Aµa(x)
in eq. (120) or on Aµa(x) in eq. (99).
The Lorentz transformation of the Yang-Mills potential Aµa(x) is given by [11]
A′µa =
∂x′µ
∂xν
Aνa(x), A′aµ (x
′) =
∂xν
∂x′µ
Aaν(x). (123)
From eq. (123) we find
A′a0 =
∂x′0
∂xν
Aνa(x). (124)
From eqs. (124), (110) and (120) [or (99)] we find
A′a0 = γ∼c
∂(β∼c · x)
∂xν
Aνa(x) = γ∼c × β∼c · A
a(x) = c
qb(τ0)
u∼c · (x−X(τ0))

exp[g
∫
dlc
Q(τ0)
lc
]− 1
g
∫
dlc
Q(τ0)
lc


ab
.
(125)
Since a quark has non-zero mass we find from eq. (57) that the A′a0 6= 0 or A
′a
0 6= ∞ in eq.
(125). Hence we find from eqs. (110), (114) and (125) that
A′a0 =
qb(τ ′0)
x′0 −X
′
0(τ
′
0)

exp[g
∫
dl′0
Q(τ ′0)
l′0
]− 1
g
∫
dl′0
Q(τ ′0)
l′0


ab
(126)
where
l′0 = x
′
0 −X
′
0(τ
′
0). (127)
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By using the retarded condition
x′0 −X
′
0(τ
′
0) = |~x
′ − ~X ′(τ ′0)| (128)
we find from eq. (126)
A′a0 =
qb(τ ′0)
|~x′ − ~X ′(τ ′0)|

exp[g ∫ dl′Q(τ
′
0)
l′
]− 1
g
∫
dl′Q(τ
′
0)
l′


ab
(129)
where
l′ = |~x′ − ~X ′(τ ′0)|. (130)
Hence we find from eqs. (114) and (129)
Aa0 =
qb(τ0)
|~x− ~X(τ0)|

exp[g ∫ drQ(τ0)r ]− 1
g
∫
drQ(τ0)
r


ab
(131)
which is the general expresion of the color potential (Yang-Mills potential) produced by the
color charges qa(τ) of the quark at rest where dr is an indefinite integration, ~X(τ0) is the
position vector of the quark at the retarded time and
r = |~x− ~X(τ0)|, Qab(τ0) = f
abdqd(τ0). (132)
In eqs. (131) and (132) the repeated indices b, d = (1, 2, ...8) are summed.
Eq. (131) in Yang-Mills theory is analogous to eq. (118) in Maxwell theory.
From eq. (131) we find that the general expression of the color potential (Yang-Mills
potential) Aµa(x) produced by the color charges qa(τ) of the quark moving with arbitrary
four velocity uµ(τ) is given by
Aµa(x) = qb(τ0)
uµ(τ0)
u(τ0) · (x−X(τ0))

exp[g ∫ dlQ(τ0)l ]− 1
g
∫
dl
Q(τ0)
l


ab
(133)
where dl integration is an indefinite integration,
l = u(τ0) · (x−X(τ0)), Qab(τ0) = f
abcqc(τ0), (134)
the repeated color indices b, c(=1,2,...8) are summed and τ0 is determined from the solution
of the retarded condition given by eq. (41).
Eq. (133) in Yang-Mills theory is analogous to eq. (119) in Maxwell theory.
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Note that unlike Maxwell theory, the Yang-Mills color current density generated by the
Yang-Mills potential in eq. (133) is non-linear function of color charges qa(τ) of the quark,
see appendix C.
From the expression of the proper time
τ =
∫
dX0(τ)
cγ(X0(τ))
(135)
we find that when ~β = 0
τ0 =
X0(τ0)
c
. (136)
From the retarded condition from eq. (41) we find
x0 −X0(τ0) = ct−X0(τ0) = r (137)
where
r = |~x− ~X(τ0)|. (138)
From eqs. (136) and (137) we find
τ0 = t−
r
c
. (139)
Using eq. (139) in (131) we find
Φa(x) = Aa0(t,x) =
qb(t− r
c
)
r

exp[g ∫ drQ(t−
r
c
)
r
]− 1
g
∫
dr
Q(t− r
c
)
r


ab
(140)
which reproduces eq. (12) where dr integration is an indefinite integration, ~X(τ0) is the
position vector of the quark at the retarded time,
r = |~x− ~X(τ0)|, Qab(τ0) = f
abdqd(τ0) (141)
and the repeated color indices b, d(=1,2,...8) are summed.
The eq. (140) in Yang-Mills theory is analogous to Coulomb potential Φ(x) = A0(x) =
e
r
in Maxwell theory.
We find from eq. (140) that, unlike Coulomb potential A0(x) =
e
r
produced by the electric
charge of the electron at rest in Maxwell theory which is independent of time t, the color
potential Aa0(t,x) produced by the color charges of the quark in Yang-Mills theory depends
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on time t even if the quark is at rest. This is a consequence of time dependent color charges
of the quark in Yang-Mills theory. The color potential (Yang-Mills potential) Aa0(x) at time
t depends on color charges of the quark at the retarded time t− r
c
.
Note that when the color charge qa is constant we find from eq. (140)
Φa(x) =
qa
r
(142)
which reproduces the Coulomb-like potential, similar to Maxwell theory where the constant
electric charge e produces Coulomb potential Φ(x) = e
r
.
VI. GENERAL FORM OF THE COLOR CHARGE OF THE QUARK
The exact form of the color potential produced by color charges of the quark may provide
an insight to the question ”why quarks are confined inside a (stable) proton”. Hence in order
to find the exact form of the color potential produced by the color charges of the quark we
need to find the exact form of eight time dependent fundamental color charges qa(t) of the
quark where a = 1, 2, ...8 are color indices. The general form of the eight time dependent
fundamental color charges qa(t) of the quark in Yang-Mills theory in SU(3) is defined in [10]
which we will briefly describe here.
As we have explicitly described in the introduction, the Yang-Mills theory was developed
by making analogy with the Maxwell theory by extending the U(1) group to SU(3) group
appropriately (see [3]). Hence the analogy with the Maxwell theory plays a crucial role
to predict many quantities in Yang-Mills theory. For example we saw in sections III and
V that the expression of the electromagnetic potential (Lienard-Weichert potential) Aµ(x)
produced by the electric charge e of the electron in Maxwell theory can be obtained from
the expression of the U(1) pure gauge potential produced by the electron. Hence in analogy
with Maxwell theory we have found in sections IV and V that the general expression of
the Yang-Mills potential (color potential) Aµa(x) produced by the color charges qa(τ) of the
quark in Yang-Mills theory can be obtained from the general expression of the SU(3) pure
gauge potential produced by the quark.
Similarly the analogy with the Maxwell theory plays a crucial role to predict the general
form of the fundamental time dependent color charge qa(t) of the quark from the Dirac wave
function ψi(x) of the quark.
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First of all we observe that in Maxwell theory (U(1) gauge theory) the form of the
fundamental electric charge e of the electron can be obtained from the Dirac wave function
ψ(x) of the electron by using, 1) the continuity equation ∂µj
µ(x) = 0 of the electric current
density jµ(x) of the electron, 2) scalar component j0(x) = eψ¯(x)γ0ψ(x) = eψ
†(x)ψ(x) of
the electric current density jµ(x) = eψ¯(x)γµψ(x) of the electron and 3) number density
ne(x) = ψ
†(x)ψ(x) of the electron by using the normalization condition
∫
d3xψ†(x)ψ(x) = 1.
Hence in analogy to Maxwell theory (U(1) gauge theory), we find that the form of the color
charge qa(t) of the quark in Yang-Mills theory (SU(3) gauge theory) can be obtained from
the Dirac wave function ψi(x) of the quark by using, 1) the equation Dµ[A]j
µa(x) = 0 of the
color current density jµa(x) of the quark, 2) scalar component ja0 (x) = gψ¯i(x)γ0T
a
ikψk(x) =
gψ
†
i (x)T
a
ikψk(x) of the color current density j
µa(x) = gψ¯i(x)γ
µT aikψk(x) of the quark and
3) number density nq(x) = ψ
†
i (x)ψi(x) of the quark by using the normalization condition∫
d3xψ
†
i (x)ψi(x) = 1 [10].
Hence by using the analogy with the Maxwell theory (U(1) gauge theory) we find that
the general form of eight fundamental time dependent color charges qa(t) of the quark in
Yang-Mills theory in SU(3) is given by [10]
q1(t) = g × sinθ(t)× sinσ(t)× cosη(t)× cosφ12(t),
q2(t) = g × sinθ(t)× sinσ(t)× cosη(t)× sinφ12(t),
q3(t) = g × cosθ(t)× sinφ(t)
q4(t) = g × sinθ(t)× sinσ(t)× sinη(t)× cosφ13(t),
q5(t) = g × sinθ(t)× sinσ(t)× sinη(t)× sinφ13(t),
q6(t) = g × sinθ(t)× cosσ(t)× cosφ23(t),
q7(t) = g × sinθ(t)× cosσ(t)× sinφ23(t),
q8(t) = g × cosθ(t)× cosφ(t) (143)
where the ranges of the time dependent phases are given by
sin−1(
√
2
3
) ≤ θ(t) ≤ π − sin−1(
√
2
3
), 0 ≤ σ(t), η(t) ≤
π
2
,
0 ≤ φ(t) ≤ 2π, − π < φ12(t), φ13(t), φ23(t) ≤ π. (144)
Note that all the real time dependent phases θ(t), σ(t), η(t), φ(t), φ12(t), φ13(t), φ23(t) in
eq. (143) can not be independent of time t because if all of them are independent of t then the
36
Yang-Mills potential Aa0(x) in eq. (12) reduces to Coulomb-like potential A
a
0(x) =
qa
r
. Since
Coulomb-like potential Aa0(x) =
qa
r
can not explain confinement of quarks inside (stable)
proton one finds that the real phases θ(t), σ(t), η(t), φ(t), φ12(t), φ13(t), φ23(t) in eq.
(143) have to be time dependent.
It can be seen that the general form of the eight fundamental time dependent color charges
qa(t) of the quark in eq. (143) depend on the universal coupling g which is a fundamental
quantity that appears in the Yang-Mills Lagrangian density [3, 4].
Since the fundamental time dependent color charge qa(t) of the quark in eq. (143) is
linearly proportional to g and the Yang-Mills potential Aµa(x) in eq. (133) contains infinite
powers of g we find that the definition of the fundamental time dependent color charge qa(t)
of the quark in eq. (143) is independent of the Yang-Mills potential Aµa(x).
VII. CONCLUSION
Constant electric charge e satisfies the continuity equation ∂µj
µ(x) = 0 where jµ(x) is
the current density of the electron. However, the Yang-Mills color current density jµa(x)
of the quark satisfies the equation Dµ[A]j
µa(x) = 0 which is not a continuity equation
(∂µj
µa(x) 6= 0) which implies that a color charge qa(t) of the quark is not constant but
it is time dependent where a = 1, 2, ...8 are color indices. In this paper we have derived
general form of color potential produced by color charges of the quark. We have found that
the general form of the color potential produced by the color charges of the quark at rest is
given by Φa(x) = Aa0(t,x) =
qb(t− r
c
)
r
[
exp[g
∫
dr
Q(t− rc )
r
]−1
g
∫
dr
Q(t− rc )
r
]
ab
where dr integration is an indefinite
integration, Qab(τ0) = f
abdqd(τ0), r = |~x − ~X(τ0)|, τ0 = t −
r
c
is the retarded time,
c is the speed of light, ~X(τ0) is the position of the quark at the retarded time and the
repeated color indices b, d(=1,2,...8) are summed. For constant color charge qa we reproduce
the Coulomb-like potential Φa(x) = q
a
r
which is consistent with the Maxwell theory where
constant electric charge e produces the Coulomb potential Φ(x) = e
r
.
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Appendix A: Derivation of the General Expression of ωa(x) of the Quark
In this appendix we will present the mathematical details which are used in section IV
to derive the general expression of ωa(x) of the quark. From eqs. (67), (34), (43) and (44)
we find that
∂νA
µa(x) = qa
(x−X(τ0))ν u˙
µ(τ0)
[u(τ0) · (x−X(τ0))]2
−qa
uµ(τ0)
[u(τ0) · (x−X(τ0))]2
[
[u˙(τ0) · (x−X(τ0))− c
2](x−X(τ0))ν
u(τ0) · (x−X(τ0))
+ uν(τ0)] (A1)
where u˙µ(τ0) is given by eq. (45). Eq. (A1) gives
∂µA
µa(x) = qa
(x−X(τ0))µu˙
µ(τ0)
[u(τ0) · (x−X(τ0))]2
−qa
uµ(τ0)
[u(τ0) · (x−X(τ0))]2
[
[u˙(τ0) · (x−X(τ0))− c
2](x−X(τ0))µ
u(τ0) · (x−X(τ0))
+ uµ(τ0)] (A2)
which is used to derive eq. (69).
From eqs. (A1), (34), (43) and (44) we find
∂ν∂νA
µa(x) = qa
∂ν [(x−X(τ0))ν u˙
µ(τ0)]
[u(τ0) · (x−X(τ0))]2
− 2qa
(x−X(τ0))ν u˙
µ(τ0)
[u(τ0) · (x−X(τ0))]3
uν(τ0)
−qa
(x−X(τ0))
ν u˙µ(τ0)
[u(τ0) · (x−X(τ0))]3
uν(τ0) + 2q
a u
µ(τ0)
[u(τ0) · (x−X(τ0))]3
[2u˙(τ0) · (x−X(τ0))− c
2]
−qa
uµ(τ0)
[u(τ0) · (x−X(τ0))]2
[
[u˙(τ0) · ∂
ν(x−X(τ0))](x−X(τ0))ν
u(τ0) · (x−X(τ0))
]
−3qa
uµ(τ0)
[u(τ0) · (x−X(τ0))]2
[
[u˙(τ0) · (x−X(τ0))− c
2]
u(τ0) · (x−X(τ0))
]
+qa
uµ(τ0)
[u(τ0) · (x−X(τ0))]3
[u˙(τ0) · (x−X(τ0))− c
2]− qa
uµ(τ0)
[u(τ0) · (x−X(τ0))]3
[u˙(τ0) · (x−X(τ0))]
(A3)
which gives
∂ν∂νA
µa(x) = 3qa
u˙µ(τ0)
[u(τ0) · (x−X(τ0))]2
− 2qa
u˙µ(τ0)
[u(τ0) · (x−X(τ0))]2
− qa
u˙µ(τ0)
[u(τ0) · (x−X(τ0))]2
+qa
uµ(τ0)
[u(τ0) · (x−X(τ0))]3
[u˙(τ0) · (x−X(τ0)) + c
2]− qa
uµ(τ0)
[u(τ0) · (x−X(τ0))]3
[u˙(τ0) · (x−X(τ0))]
+qa
uµ(τ0)
[u(τ0) · (x−X(τ0))]3
[u˙(τ0) · (x−X(τ0))− c
2]− qa
uµ(τ0)
[u(τ0) · (x−X(τ0))]3
[u˙(τ0) · (x−X(τ0))]
(A4)
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which is used to derive eq. (70).
From eqs. (80), (34), (43) and (44) we find that
∂νA
µa(x) = qa(τ0)
(x−X(τ0))ν u˙
µ(τ0)
[u(τ0) · (x−X(τ0))]2
− qa(τ0)
uµ(τ0)
[u(τ0) · (x−X(τ0))]2
[
[u˙(τ0) · (x−X(τ0))− c
2](x−X(τ0))ν
u(τ0) · (x−X(τ0))
+ uν(τ0)] + [∂
νqa(τ0)]
uµ(τ0)
u(τ0) · (x−X(τ0))
.
(A5)
From eqs. (A5), (34), (43) and (44) we find
∂ν∂νA
µa(x) = [∂νqa(τ0)]
(x−X(τ0))ν u˙
µ(τ0)
[u(τ0) · (x−X(τ0))]2
− [∂νqa(τ0)]
uµ(τ0)
[u(τ0) · (x−X(τ0))]2
[
[u˙(τ0) · (x−X(τ0))− c
2](x−X(τ0))ν
u(τ0) · (x−X(τ0))
+ uν(τ0)] + [∂νq
a(τ0)][∂
ν [
uµ(τ0)
u(τ0) · (x−X(τ0))
]]
+[∂ν∂νqa(τ0)]
uµ(τ0)
u(τ0) · (x−X(τ0))
(A6)
which gives by using eqs. (34), (43) and (44)
∂ν∂νA
µa(x) = −q˙a(τ0)
uµ(τ0)
[u(τ0) · (x−X(τ0))]2
− [
(x−X(τ0))
ν q˙a(τ0)
u(τ0) · (x−X(τ0))
]
[
uµ(τ0)
[u(τ0) · (x−X(τ0))]2
][
[u˙(τ0) · (x−X(τ0))− c
2](x−X(τ0))ν
u(τ0) · (x−X(τ0))
+ uν(τ0)]
+[
(x−X(τ0))ν(x−X(τ0))
ν q¨a(τ0)
[u(τ0) · (x−X(τ0))]2
]
uµ(τ0)
u(τ0) · (x−X(τ0))
+[
[∂ν(x−X(τ0))ν ]q˙
a(τ0)
u(τ0) · (x−X(τ0))
]
uµ(τ0)
u(τ0) · (x−X(τ0))
−[
(x−X(τ0))ν q˙
a(τ0)
[u(τ0) · (x−X(τ0))]2
]
uµ(τ0)
u(τ0) · (x−X(τ0))
[
[u˙(τ0) · (x−X(τ0))− c
2](x−X(τ0))
ν
u(τ0) · (x−X(τ0))
+ uν(τ0)]
(A7)
where q˙a(τ0) is give by eq. (86). Simplifying eq. (A7) we find
∂ν∂νA
µa(x) = −q˙a(τ0)
uµ(τ0)
[u(τ0) · (x−X(τ0))]2
− q˙a(τ0)
uµ(τ0)
[u(τ0) · (x−X(τ0))]2
+3q˙a(τ0)
uµ(τ0)
[u(τ0) · (x−X(τ0))]2
− q˙a(τ0)
uµ(τ0)
[u(τ0) · (x−X(τ0))]2
(A8)
which is used to derive eq. (83).
From eqs. (A5) and (43) we find
∂µA
µa(x) = qa(τ0)
(x−X(τ0))µu˙
µ(τ0)
[u(τ0) · (x−X(τ0))]2
− qa(τ0)
uµ(τ0)
[u(τ0) · (x−X(τ0))]2
[
[u˙(τ0) · (x−X(τ0))− c
2](x−X(τ0))µ
u(τ0) · (x−X(τ0))
+ uµ(τ0)] + q˙
a(τ0)
(x−X(τ0))µ
[u(τ0) · (x−X(τ0))]2
uµ(τ0)
(A9)
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which is used to derive eq. (85).
From eqs. (A5) and (43) we find
∂µAνa(x)− ∂νAµa(x) = qa(τ0)
(x−X(τ0))
µu˙ν(τ0)− (x−X(τ0))
ν u˙µ(τ0)
[u(τ0) · (x−X(τ0))]2
−qa(τ0) [
[u˙(τ0) · (x−X(τ0))− c
2][(x−X(τ0))
µuν(τ0)− (x−X(τ0))
νuµ(τ0)]
[u(τ0) · (x−X(τ0))]3
]
+q˙a(τ0)
(x−X(τ0))
µuν(τ0)− (x−X(τ0))
νuµ(τ0)
[u(τ0) · (x−X(τ0))]2
. (A10)
For uniform velocity we obtain from eq. (A10)
∂µAνa(x)− ∂νAµa(x) = qa(τ0)
(x−X(τ0))
µuν − (x−X(τ0))
νuµ
[u · (x−X(τ0))]3
+q˙a(τ0)
(x−X(τ0))
µuν − (x−X(τ0))
νuµ
[u · (x−X(τ0))]2
. (A11)
When the quark in uniform motion at its highest speed (which is arbitrarily close to the
speed of light v ∼ c, see eq. (55), we find from eq. (A11)
∂µAνa(x)− ∂νAµa(x) = qa(τ0)
(x−X(τ0))
µuν∼c − (x−X(τ0))
νuµ∼c
[u∼c · (x−X(τ0))]3
+q˙a(τ0)
(x−X(τ0))
µuν∼c − (x−X(τ0))
νuµ∼c
[u∼c · (x−X(τ0))]2
(A12)
which is used to derive eq. (91).
Appendix B: Lorentz Transformation of the Electromagnetic Field Produced by
an Electron Moving Arbitrarily Close to the Speed of Light
The electromagnetic field produced by the electron of charge e in uniform motion is given
by eq. (54) where τ0 is defined from the the retarded condition [see eq. (41)]
x0 −X0(τ0) = |~x− ~X(τ0)| = R. (B1)
The Lorentz transformation of the electromagnetic field is given by [11]
F ′µν =
∂x′µ
∂xα
∂x′ν
∂xβ
F αβ(x), F ′µν =
∂xα
∂x′µ
∂xβ
∂x′ν
Fαβ(x). (B2)
For electron in uniform motion at its highest speed (which is arbitrarily close to the speed
of light v ∼ c) we find from eqs. (54), (56) and (55)
F µν(x) = ec2
(x−X(τ0))
µuν∼c − (x−X(τ0))
νuµ∼c
[u∼c · (x−X(τ0))]3
. (B3)
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At the spatial position ~x transverse to the motion of the electron at the time of closest
approach we find from eq. (B3) that
F µν(x) = ec2
(x−X(τ0))
µuν∼c − (x−X(τ0))
νuµ∼c
[u∼c · (x−X(τ0))]3
∝ γ∼c (B4)
and at all other time-space points xµ we find from eq. (B3) that
F µν(x) = ec2
(x−X(τ0))
µuν∼c − (x−X(τ0))
νuµ∼c
[u∼c · (x−X(τ0))]3
∼ 0. (B5)
Hence from eqs. (B3), (B4) and (B5) we find that when electron in uniform motion
is at its highest speed (which is arbitrarily close to the speed of light v ∼ c), it produces
(approximate) pure gauge electromagnetic field at all the time-space points xµ (except at the
spatial position ~x transverse to the motion of the electron at the time of closest approach).
We call it (approximate) pure gauge electromagnetic field F µν(x) because electron has non-
zero mass (even if very small) and hence it can not travel exactly at the speed of light v = c
to produce exact pure gauge electromagnetic field
F µν(x) = 0. (B6)
Hence for electron we find from eqs. (B5) and (B3)
F µν(x) 6= 0, when, v ∼ c, even if F µν(x) ∼ 0.
(B7)
Similarly from eqs. (B4) and (B3) we find that
F µν(x) 6=∞, when, v ∼ c, even if F µν(x) ∝ γ∼c.
(B8)
Since x′0 and x
′i are not exactly infinity (see eq. (111)) and since F µν(x) in eq. (B5)
or in eq. (B4) is neither (exactly) zero nor (exactly) infinity we can perform Lorentz
transformation on F µν(x) in eq. (B3). It has to be remembered that, the expression
F µν(x) = ec2 (x−X(τ0))
µuν
∼c−(x−X(τ0))νuµ∼c
[u∼c·(x−X(τ0))]3 in eq. (B3) which is valid at all the time-space points
xµ can be written in the form of the U(1) (approximate) pure gauge electromagnetic field
at all the time-space points xµ (except at the spatial position ~x transverse to the motion of
the electron at the time of closest approach), see eq. (B5). Since we have made the Lorentz
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transformation on the expression F µν(x) = ec2 (x−X(τ0))
µuν
∼c−(x−X(τ0))νuµ∼c
[u∼c·(x−X(τ0))]3 (see below), the
Lorentz transformation technique we have used is valid at all the time-space points xµ to
obtain the expression of the Coulomb electric field produced by the electron at rest from
the expression of the electromagnetic field produced by the electron in uniform motion at
its highest speed (which is arbitrarily close to the speed of light v ∼ c).
From eq. (B2) we find
F ′0i =
∂x′0
∂xα
∂x′i
∂xβ
F αβ(x). (B9)
From eqs. (B9) and (110) we find
F ′0i = γ∼cβα∼c [giδ +
γ∼c − 1
~β2∼c
βj∼cgjδβ
i
∼c − γ∼cβ
i
∼cg0δ]F
αδ(x). (B10)
Since F µν(x) in eq. (B3) is neither (exactly) infinity nor (exactly) zero (see eqs. (B8) and
(B7)) we find by using eq. (B3) in (B10)
F ′0i =
ec
[u∼c · (x−X(τ0))]3
[
[giδ +
γ∼c − 1
~β2∼c
βj∼cgjδβ
i
∼c − γ∼cβ
i
∼cg0δ]
]
[u∼c · (x−X(τ0))u
δ
∼c − (x−X(τ0))
δc2]. (B11)
Since electron has non-zero mass we find from eq. (57) that F ′0i 6= 0 and F ′0i 6= ∞ in eq.
(B11). Hence we find from eq. (B11)
F ′0i =
ec
[u∼c · (x−X(τ0))]3
[[u∼c · (x−X(τ0))u
i
∼c − (x−X(τ0))
ic2] + [
γ∼c − 1
~β2∼c
βj∼cβ
i
∼c]
[u∼c · (x−X(τ0))uj∼c − (x−X(τ0))jc
2]− γ∼cβ
i
∼c[u∼c · (x−X(τ0))u0∼c − (x−X(τ0))0c
2]].
(B12)
Simplifying eq. (B12) we find
F ′0i =
ec
[u∼c · (x−X(τ0))]3
[[u∼c · (x−X(τ0))u
i
∼c − (x−X(τ0))
ic2]
+(γ∼c − 1)β
i
∼c[c u∼c · (x−X(τ0))γ∼c −
~β∼c · (~x− ~X(τ0))c2
~β2∼c
]
−γ∼cβ
i
∼c[c u∼c · (x−X(τ0))γ∼c − (x0 −X0(τ0))c
2]]. (B13)
Using eqs. (110) and (114) in (B13) we find
F ′0i =
e
c(x′0 −X
′
0(τ
′
0))
3
[[(x′0 −X
′
0(τ
′
0)u
i
∼c − (x−X(τ0))
ic]
+c(γ∼c − 1)β
i
∼c[(x
′
0 −X
′
0(τ
′
0))γ∼c −
~β∼c · (~x− ~X(τ0))
~β2∼c
]− cγ∼cβ
i
∼c[(x
′
0 −X
′
0(τ0))γ∼c − (x0 −X0(τ0))]].
(B14)
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The retarded condition is given by
x′0 −X
′
0(τ0) = |~x
′ − ~X ′(τ ′0)| = R
′ (B15)
By using eq. (B15) in (B14) we find
F ′0i =
e
R′3

R′γ∼cβi∼c − Rni + (γ∼c − 1)βi∼c[R′γ∼c − R~β∼c · ~n~β2∼c ]− γ∼cβ
i
∼c[R
′γ∼c − R]


(B16)
where we have introduced the notation
~R = ~nR = ~x− ~X(τ0). (B17)
From eq. (B16) we find
F ′0i =
eR
R′3

−ni + ~β∼c · ~n
~β2∼c
βi∼c + γ∼cβ
i
∼c[1−
~β∼c · ~n
~β2∼c
]

 (B18)
which gives
F ′0i = −
e
R′3

Ri − ~β∼c · ~R
~β2∼c
βi∼c − γ∼cβ
i
∼c[R−
~β∼c · ~R
~β2∼c
]

 . (B19)
Eq. (B19) can be simplified to find
F ′0i = −
e
R′3

Ri + (γ∼c − 1) ~β∼c · ~R~β2∼c β
i
∼c − γ∼cβ
i
∼c(x0 −X0(τ0))

 . (B20)
Hence we find from eqs. (B15) and (B20)
F ′0i = −
e
|~x′ − ~X ′(τ ′0)|3

(xi −X i(τ0)) + (γ∼c − 1) ~β∼c · (~x− ~X(τ0))~β2∼c β
i
∼c − γ∼cβ
i
∼c(x0 −X0(τ0))

 .
(B21)
By using eqs. (110) and (114) in eq. (B21) we find
F ′0i = −e
x′i −X ′i(τ ′0)
|~x′ − ~X ′(τ ′0)|3
. (B22)
Hence from eqs. (114) and (B22) we find
F 0i = −e
xi −X i(τ0)
|~x− ~X(τ0)|3
(B23)
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which is the exact expression of the Coulomb electric field produced by the electron at rest.
Hence we find that the exact expression of the Coulomb electric field in eq. (B23) pro-
duced by the electron at rest can be obtained from the expression of (approximate) pure
gauge electromagnetic field F µν(x) from eq. (B5) [or from eq. (B3)] produced by the elec-
tron in uniform motion at its highest speed (which is arbitrarily close to the speed of light
v ∼ c) by using Lorentz transformations.
Hence one finds that if one knows the expression of the (approximate) pure gauge potential
produced by a point charge of non-zero mass in uniform motion at its highest speed (which
is arbitrarily close to the speed of the light v ∼ c), then one can obtain the exact expression
of the potential produced by the same charge at rest by using Lorentz transformations. This
is consistent with the replacement given by eq. (105) which can be used to obtain eq. (101)
from (103) and eq. (B23) from (B5) [or from eq. (B3)].
Appendix C: Yang-Mills Color Current Density of the Quark
Note that the Lienard-Wiechert potential (Maxwell potential) Aµ(x) in eq. (35) can be
obtained from the abelian current density
jµ(x) = e
∫
dτ uµ(τ) δ(4)(x−X(τ)) (C1)
as given by eq. (36) of the point charge e in Maxwell theory [see section III for details].
However, the non-abelian Yang-Mills potential Aµa(x) in eq. (133) gives the non-abelian
Yang-Mills color current density of the quark
jµa(x) = Dν [A]F
νµa(x) (C2)
which contains infinite powers of g [or infinite power of fundamental time dependent color
charge qa(τ) of the quark] where Dabµ [A] is given by eq. (7) and F
µνa(x) is given by eq. (8).
This implies that the non-abelian Yang-Mills color current density jµa(x) of the quark in
eq. (C2) is not linearly proportional to g [and is not linearly proportional to fundamental
time dependent color charge qa(τ) of the quark], i.e.,
jµa(x) 6=
∫
dτ uµ(τ) qa(τ) δ(4)(x−X(τ)). (C3)
Hence one finds that not only the non-abelian Yang-Mills potential Aµa(x) in eq. (133)
contains infinite powers of g [or infinite powers of fundamental time dependent color charge
44
qa(τ) of the quark] but also the non-abelian Yang-Mills color current density jµa(x) of the
quark in eq. (C2) or in eq. (6) contains infinite powers of g [or infinite powers of fundamental
time dependent color charge qa(τ) of the quark].
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